Abstract-This paper describes a classical version of the two-magnon model of ferromagnetic resonance linewidth in inhomogeneous magnetic thin films. The ferromagnetic resonance line broadening due to inhomogeneity is described in terms of film properties and the statistical properties of the inhomogeneity. Analytical results for the case of ultrathin films in the limit of zero damping are compared with numerical results computed with finite damping.
I. INTRODUCTION

C
OUPLING between the magnetization and the thermal bath in ferromagnets and ferrimagnets is responsible for damping, the process that allows the magnetization to lose energy and approach equilibrium [1] - [9] . The same coupling is also responsible for thermally driven fluctuations of the magnetization [3] , [10] - [14] . Both damping and fluctuations are important for the behavior of magnetic devices, especially heads and media used in magnetic information storage.
In the time domain, ferromagnetic resonance (FMR) appears as a ringing of the magnetization [15] , while in the frequency domain, ferromagnetic resonance appears as a maximum in the transverse susceptibility at a frequency matching the precession frequency. The ferromagnetic resonance linewidth, which is the width of this susceptibility peak, provides a convenient avenue for measuring damping in magnetic materials, with the possible caveat that it is not always clear how to identify the effects of inhomogeneity of the sample in the measured linewidth. For example, one might assume that the dynamics of the magnetization are correctly described by the Landau-Lifshitz-Gilbert (LLG) equations of motion (1) where m/(As) is the gyromagnetic ratio, is an effective field that depends on the mag- netization, applied fields, and material parameters, and is the LLG damping parameter.
In the typical case of weak damping when the magnetization is close to its equilibrium direction, (1) describes damped precession of the magnetization around the equilibrium direction at a frequency determined by [16] . As described in more detail below, for special cases where the magnetization and applied field are parallel, the LLG equations of motion (1) lead to a full width of the resonance (2) This expression is appropriate for an experiment where the spectrometer drives the magnetization at angular frequency and the transverse susceptibility is measured as a function of applied field. There are other possible phenomenological descriptions of damping that lead to other expressions for the linewidth [1] , [16] , but for some nominally uniform films, the linewidth is well described by the LLG form of damping [17] .
Regardless of the phenomenological description or physical mechanism of damping, an increase in linewidth can be expected as a consequence of sample inhomogeneity. The inhomogeneity may arise from a wide variety of microstructural origins including magnetocrystalline anisotropy in a polycrystalline sample, magnetostriction coupled with nonuniform stresses, surface anisotropy with film thickness variations, and step/edge anisotropy. Given that inhomogeneity exists to some degree in all experimental samples, interpretation of linewidth data solely as a damping phenomenon will result in an artificially high estimate of the damping. It is clear that good models of inhomogeneous line broadening in ferromagnetic resonance are needed to compensate for possible inhomogeneity effects in measurements of damping.
Recent modeling of linewidth in thin films [18] supports earlier work in bulk ferrites [19] that indicates that the degree of line broadening caused by inhomogeneity depends on the relative strengths of the inhomogeneous effective field and the interactions. In one limit, the inhomogeneities are much stronger than the exchange and dipolar interactions between different parts of a film. In this case, the simplest model treats the inhomogeneous film as a collection of noninteracting regions where the magnetization will resonate at a frequency/field combination that is determined by the local properties of the film. The resonance becomes a superposition of resonances from different regions, and the inhomogeneity line shape is a rather direct measurement of the distribution in local effective fields [20] - [25] . These "local resonance" models of linewidth have been successful in describing the linewidth in a number of thin-film cases [25] - [28] . In particular, when the inhomogeneities have the effect of a varying applied field, the local resonance model linewidth for becomes
In a number of measurements of the frequency dependence of linewidth in thin films, the data is reasonably well described by a linear relationship of this type [17] , [26] , [29] - [34] .
In the opposite limit, the exchange and dipolar interactions are very strong, forcing the magnetization to precess nearly uniformly and effectively smoothing the inhomogeneity over the film area. The two-magnon model of linewidth addresses this case. The magnetization is treated in terms of spin waves, the normal modes of the uniform film, or in the terminology of quantum mechanics, magnons. The usual picture of the twomagnon model is that inhomogeneities introduce weak interactions between the spin-wave modes that allow the energy of the uniform precession to leak into a number of other modes, providing an effective damping of the uniform mode. Alternatively, the effect of the inhomogeneity may be regarded as a mixing of the eigenmodes of the uniform film in a way that distributes the FMR intensity over a number of eigenmodes, resulting in an FMR peak composed of a number of overlapping resonances [18] .
Typically, the two-magnon model is treated in a lowest-order perturbation approach, treating the inhomogeneity as a small quantity. Higher order approaches include consideration of the effects of inhomogeneity on the spin-wave density of states [35] , [36] and a recursive method described by Schlömann [19] .
The purpose of this paper is to describe the two-magnon model for ultrathin films in classical terms, giving analytical formulas for the case of ultrathin films in the limit of zero damping, and numerical results for finite damping. To accommodate high-magnetization films, we include all the effects of the precessional ellipticity. Early classical treatment of the two-magnon model was given by Clogston [37] for bulk materials, and more recently for case of a thin film with in-plane magnetization by Arias and Mills [38] , [39] . Quantum mechanical two-magnon models for thick films have been published by Sparks [40] and Hurben and Patton [41] .
In Section II, the spin-wave normal modes of a uniform ultrathin film are reviewed. Section III includes a brief description of the quantum mechanical two-magnon model. Section IV describes the excitation of spin waves and their interaction with the uniform precession to produce an effective damping. Analytical results for special cases are given in Section V, and example calculations are given in Section VI.
II. SPIN-WAVE NORMAL MODES
Using the coordinate system shown in Fig. 1 , the magnetization is written as , where is a two-dimensional (2-D) vector in the plane of the film. The radial unit vector is chosen to lie along the spatially averaged equilibrium magnetization direction, and and are chosen to lie along the major axes of the ellipse traced out by the uniform precession. The magnetization is assumed to be independent of through the thickness of the film. Fourier expansions of spatially dependent quantities will use the convention (4) and time dependence is assumed for all dynamic quantities.
Expressions for , the effective field acting on the magnetization, are needed to describe the linear dynamics of the magnetization near its equilibrium direction. Because the effective field enters the equations of motion (1) only in a cross product , the only important components of are perpendicular to , i.e., components in the -plane. Calculation of the and components of the field is most easily achieved by expanding the energy of the magnetization in terms of and , using the constraint to eliminate . The effective field is then proportional to the gradient of the local energy density (5) Interactions, particularly exchange interactions and dipole-dipole interactions, are important for the description of spin waves, and ultimately for the behavior of the inhomogeneous film. Interactions may be described in terms of a field at a particular location in a magnetic material that depends on the magnetization at another location. For nonlocal interactions in a uniform film, we consider the case where the kernel tensor exhibits translational invariance (6) Important examples of such nonlocal interactions are the dipolar, or magnetostatic interaction and the exchange interaction. Note that local energy densities such as Zeeman or magnetocrystalline anisotropy that have local effective fields can be described by the special case where is proportional to . Using translational invariance, the Fourier components of the field in a uniform film can be written as (7) Using the coordinate system in Fig. 1 , the elements of the normalized stiffness field tensor are given by [18] , [42] , [43] (8a)
where is the exchange field for a spin wave with wave vector under the assumption that the wavelengths of interest are much larger than the lattice spacing where is the exchange stiffness, and is the "internal field" consisting of the component of parallel to the magnetization and the static part of the demagnetization field. The -dependent demagnetization factor for a film of thickness is given by (9) under the approximation that the magnetization does not vary significantly across the thickness of the film [44] .
The susceptibility tensor can be obtained from the linearized LLG equations of motion (1) . For an applied field with spatial frequency and angular frequency , the transverse susceptibility tensor is given by
where . The imaginary part of (10) describes magnetization damping, and the particular form follows from our choice of Gilbert damping in (1) . Other descriptions of damping produce susceptibility expressions with different damping characteristics [16] , but the basic features, including the dispersion relation, are nearly independent of damping.
The dispersion relation is obtained by noting that the is minimum and susceptibility is in resonance when (11) When a spin wave is driven "on resonance" by a field with wave vector and , becomes pure imaginary, and for small the magnetization lags the driving field by . The dispersion relation is important for a number of reasons, but its primary importance here is that it encapsulates the interactions in the film. An example dispersion relation for a 50-nm-thick film of Ni Fe is plotted in Fig. 2(a) . Without either exchange or magnetostatic interactions, the dispersion relation would be a flat horizontal line. Note that there is a set of wave vectors describing spin waves with displayed in Fig. 2(b) . These degenerate spin waves play an important role in the effect of inhomogeneities on the uniform precession. 
III. QUANTUM TWO-MAGNON THEORY
The quantum mechanical description of the two-magnon model has been developed and used by many authors [41] , [42] , [45] - [48] , and there are several good reviews available [49] - [51] , so only a brief description will be given here.
In the quantum mechanical two-magnon model, the spin-wave normal modes are described by raising and lowering operators and . When an inhomogeneous energy term is added, and and are expanded in terms of and , the perturbed Hamiltonian can be put into the form (12) where the first two terms describe the linear dynamics of the spin waves in a uniform film, and the coefficients arise from the perturbation energy . Only terms involving the magnon are kept in the perturbation part of the Hamiltonian. The two-magnon terms in the Hamiltonian containing describe scattering where magnons are created and magnons are annihilated. The effective damping rate of the magnons is the sum of the scattering rates to each of the other magnon states, and perturbation theory yields the two-magnon linewidth (13) Three features of (13) are noted for comparison with the classical result described in Section IV. The effective linewidth is a sum over magnon states, the sum is restricted to degenerate magnons, and the linewidth depends on the square of the inhomogeneity strength. 
IV. CLASSICAL TWO-MAGNON MODEL
In this section, the spin-wave susceptibility (10) is used to describe the behavior of the magnetization in a weakly inhomogeneous film. Briefly, the interaction of the uniform precession with inhomogeneities creates a nonuniform field that excites spin waves, as illustrated in Fig. 3 . The interaction of the nonuniform spin-wave magnetization with the inhomogeneities generates an effective field with a uniform component that acts on the uniform precession. The spin-wave susceptibility is complex, so the uniform precession experiences a dissipative field that is out of phase with the magnetization, creating an effective damping.
The classical approach to the two-magnon damping process described below parallels the quantum mechanical approach, but has two advantages. First, damping of the magnon modes replaces the delta function in (13) with a finite width peak that can be changed in a natural way to model different amounts and phenomenological models of damping. It is shown below that the two-magnon linewidth has a significant dependence on the damping. In fact, self-consistent schemes for calculating higher order effects rely on the dependence of the effective spin-wave damping on the two-magnon linewidth [19] . Second, results are given in terms of magnetizations and fields rather than Hamiltonian coefficients. This property simplifies the process of calculating the two-magnon linewidth from particular inhomogeneity models.
Inhomogeneity is introduced as a local, inhomogeneous, perturbation energy density . Nonlocal dipolar effects of variations in , especially pits and holes, have been treated quantum mechanically elsewhere [40] , [41] , [51] . Here, and in what follows, primed quantities are quantities that describe the inhomogeneity. For each point in the film, the perturbation energy density can be expanded in terms of and (14) The linear terms in the second line of (14) provide inhomogeneous static fields, which drive magnetization ripple [44] . The effects of ripple will not be considered further in this paper.
The second-order terms in (14) involve normalized perturbation stiffness fields that are given by
The second term in (15b) is required to make independent of the choice of coordinate system. With this term, the derivatives are effectively taken along a "great circle" path on the unit sphere rather than a constant-path. For this paper, however, this distinction is unimportant because we assume . The spatial dependence of the inhomogeneous perturbation energy is assumed to be described by a correlation function defined by expressions of the form (16) where indicates the expectation value of , is the sample area, and and are vectors in the plane of the film. The sample is assumed to be macroscopically isotropic so that the correlation function depends only on the magnitude . Because the stiffness fields are all derived from the same microstructure as represented by , correlations between different combinations of stiffness fields are assumed to be described by the same function . The Fourier components of the perturbation stiffness fields can be characterized by the Fourier transform of (16) (17) If the inhomogeneity has a characteristic length scale , is expected to become small for .
The properties of spin waves presented in Section II and the statistical properties of the inhomogeneity given above are used here to describe the dynamic behavior of nearly uniform precession of the magnetization in an inhomogeneous thin film. The field due to inhomogeneities is given by (18) and in terms of Fourier components (19) In the following, the amplitude of is assumed small enough that only small nonuniformities are introduced into an otherwise uniform precession, i.e., that the spin-wave amplitudes are small compared with the amplitude of the mode. For an essentially uniform precession [illustrated in Fig. 3(a) ] (20) Substituting this expression into (19) , the inhomogeneous part of the effective field produced by the uniform precession interacting with the inhomogeneity [ Fig. 3(b) ] is given by (21) and multiplication by the spin-wave susceptibility tensor gives spin-wave magnetization amplitude [ Fig. 3(c) ] (22) Each spin-wave mode will contribute to a uniform component of the effective field [ Fig. 3(d) ], so using (19) and (22) , the uniform part of the field becomes (23) Because the energy density is real, . Equation (23) is the effective field acting on the uniform component of the magnetization due to spin waves excited through inhomogeneities. The total field experienced by the uniform mode is the sum of the stiffness fields for the uniform film (8) and , the effective stiffness field due to spin-wave excitation (24) Including the effects of spin-wave generation, the effective susceptibility to a uniform applied field is then rederived by replacing the stiffness tensor elements in (8) with the effective stiffness tensor . The susceptibility becomes (25a) with (25b) where is obtained from (10b). To lowest order in , the resonant frequency is changed by an amount (26) Each of the elements of the tensor contains an integral over on four terms, one for each element of the susceptibility tensor. For purposes of illustration, consider (27) Expanding using (10) for the spin-wave susceptibility, can be written as (28) where terms of order have been dropped. The imaginary parts of contribute to the linewidth so that the full-width at half-maximum in the imaginary part of the susceptibility is (29) while the real part of is a shift in the resonant frequency. Equation (28) for the complex frequency shift due to inhomogeneity is a primary result of this paper. The uniform film properties are described by the stiffness tensor elements ( , etc.) given in (8) and given in (10b). The properties of the inhomogeneity are described by the inhomogeneity stiffness tensor elements ( , etc.) given in (15) and with spatial information encoded in (16) . This classical result has a number of features in common with the quantum mechanical result. The expression includes a sum/integral over wave vectors and the perturbation strength appears quadratically as elements of in (28) and as in (13) . Additionally, note that is minimum for frequencies so that degenerate spin-wave modes contribute most to the integral in (23) . The quantum mechanical and classical descriptions differ in that spin waves with and nonzero damping contribute somewhat because of the finite width of the spin-wave susceptibility maxima, where they are excluded in the quantum mechanical result.
V. ANALYTICAL APPROXIMATION
This section focuses on situations where the two-magnon contribution to the linewidth may be calculated analytically. The methods used here closely follow Arias and Mills [38] . The principal conditions required to obtain analytical results include taking the limit of zero damping, film thickness less than the exchange length, and a cutoff length scale for the inhomogeneity. Because the effective damping is calculated at resonance, . The limit of zero damping allows one to take advantage of the fact that is a peaked function centered at with width proportional to . The limit of zero damping allows the approximation (30) Next, to evaluate the delta function in (30), the dispersion relation is expanded for small values of , specifically by approximating . This approximation is valid if and if the quadratic term in an expansion of is small compared to , i.e., the film thickness must be much smaller than the magnetostatic exchange length , which is typically a few nanometers for most ferromagnetic transition metals. Using (8) , the dispersion relation is approximated by . A critical value of is determined by (32) Note that for magnetization angles , there are no degenerate spin waves with solutions for real values of .
The largest wave number for which is found for (33) Next, the inhomogeneity is assumed to have a correlation length such that the normalized perturbation stiffness fields have correlation functions such as (34) The presence of a correlation length implies a high-wave-vector cutoff in the Fourier components of the perturbation fields (35) The final simplifying assumption in this section is that the uniform film stiffness fields may be replaced by their values, e.g., that
is not strongly -dependent. This approximation is consistent with the assumption of an ultrathin film that was made above to obtain the quadratic expansion of the dispersion relation in (31a).
Incorporation of these approximations and assumptions leads to an intermediate result for the two-magnon linewidth (36) where (37) is the local shift in resonance frequency due to inhomogeneity in the absence of interactions. This quantity differs from the local resonance linewidth in that a complete calculation of local resonance linewidth would account for the effects of on the equilibrium values of and .
A. Small Defect Limit
The small defect limit is defined by . In this case, the perturbation stiffness fields are essentially independent of over the region of reciprocal space where the delta function is nonzero so the denominator in the integral in (36) is approximately unity. Integrating along the path described by , shown in Fig. 2(b) (38) This approximation yields an analytical expression for the twomagnon part of the linewidth in the small defect limit (39) where (40) is the difference between the frequency of uniform precession and the frequency of a spin wave with due to exchange interactions alone. In the small defect limit, the local resonance frequency variations are narrowed by both the exchange interactions and by the magnetostatic interactions that determine the ellipticity of the precession and . 
B. Large Defect Limit
In the large defect limit, where , the upper limit of the integral over wave vectors in (36) is effectively determined by the defect correlation length . Integrating along four smallsegments where (41) Incorporation of this result yields an analytical expression for the two-magnon linewidth in the large defect limit (42) In the large defect limit, the spread in local resonance frequencies is narrowed by magnetostatic interactions, both through and explicitly through .
C. Unit Conversion
The derivations and results above are presented in SI units. For those who prefer cgs units, the following conversions are needed. In (8) , (39) , and (42), (SI) should be replaced by (cgs). Normalization of the stiffness fields in (8) by allows these unitless quantities to have the same nm. The magnetization is in plane at 0 . In (a), the large defect limit is off scale.
numerical value in both unit systems. Also, (SI) has the same numerical value as (cgs) with G . Finally, the perturbation stiffness fields in (15) are converted by replacing with .
VI. EXAMPLE CALCULATIONS
This section presents example calculations where the inhomogeneity consists of an inhomogeneous applied magnetic field that is collinear with the magnetization, but that varies in strength and sign as a function of position such that (34) and (35) are valid. In some sense, such a field is unphysical, but it is helpful for purposes of illustration. Statistical properties of other, perhaps more realistic types of inhomogeneity are presented in Appendix I. For the simple inhomogeneous applied field (43a) (43b)
The two-magnon contribution to the linewidth is calculated using the analytical results for the small defect limit (39) and the large defect limit (42) in addition to numerical evaluations of (28) for different values of the damping parameter . In Fig. 4 , the two-magnon contributions to the field linewidth are presented as a function of frequency for two values of with the field and magnetization applied in plane. In this orientation, the field linewidth is related to the frequency linewidth by (44) For low frequencies and magnetization in plane, the internal field becomes small, and according to (33) , the maximum degenerate spin-wave wave vector also becomes small, so that the small defect limit will be reached in the limit of low frequencies. This behavior is illustrated in Fig. 4(b) , where the numerical results approach the small defect limit for low frequencies and approach the large defect limit for high frequencies.
In Fig. 5 , the angular dependence of the two-magnon contribution to the frequency linewidth is plotted for two values of . For arbitrary applied field direction, the magnetization is not generally parallel to the applied field, and the simple conversion from frequency linewidth to field linewidth in (44) is not applicable.
As the magnetization angle approaches 45 , (33) shows that the maximum degenerate spin-wave wave vector goes to zero, so that while the large defect limit may be appropriate when the magnetization is in plane, the small defect limit will be approached as . For , there are no degenerate spin waves and the analytical results in the zero damping limit predict zero twomagnon linewidth in this range. For finite damping, however, spin waves may be excited off resonance, and the numerical calculation yields a finite two-magnon linewidth.
VII. DISCUSSION
In addition to the description of the two-magnon linewidth as an active process, where defects drive spin waves or defects scatter magnons, it is also productive to think of the two-magnon linewidth in a more passive sense as the apparent resonance variation that remains after local resonances have been coupled and essentially averaged by exchange and dipolar interactions [18] , [52] . In this passive description, it is clear that the two-magnon linewidth must be less than the local variations in the resonance condition in the absence of interactions, i.e., must be smaller than the local effective field variation and must be smaller than the corresponding change in resonance frequency due to the local effective field variation.
In both this classical model and the quantum mechanical version, the derivation is through a perturbation approach, and it is important to recognize that this fact places limits on the validity of the results, but it is not immediately clear what these limits are. The dependence of the linewidth on defect size and defect strength offer some indications. Both analytical two-magnon results presented above increase with increasing defect size and quadratically with defect strength, but the linewidth cannot be increased without limit. It has been recently demonstrated that for increasing defect size, the linewidth reaches a maximum value corresponding to the local resonance model [18] . Using  Fig. 4 , 100 kA/m (1.2 kOe) rms field fluctuations correlated over nm and would broaden the resonance line by approximately 10 kA/m (120 Oe) [ Fig. 4(a) ]. For nm, and fluctuations with the same amplitude, however, the two-magnon model would predict an absurd two-magnon line broadening of approximately 1.3 MA/m, and the local resonance model would be more accurate.
Although the two-magnon model and its classical analog yield effective damping rates, it should be noted that they are apparent damping rates only in the context of ferromagnetic resonance experiments, that they do not describe real damping in the sense of coupling to the thermal bath.
Comparison of the analytical results, (39) and (42) in the zero damping limit with numerical results calculated from (28) shows that the damping modifies the two-magnon linewidth significantly for damping parameter values typical of magnetic metals. The analytical results may not be sufficiently accurate for all purposes of fitting experimental data, but they do provide useful estimates of the two-magnon linewidth.
APPENDIX STATISTICS FOR POLYCRYSTALS
The main results of this paper, the effective frequency shift (28) and the analytical linewidth expressions (39) and (42) , are written in a form that is independent of the microstructural origins of the inhomogeneity. To calculate linewidths for a particular form of inhomogeneity, estimates of or the correlation length must be made, and the expectation values , etc., must be calculated from the symmetry properties of the inhomogeneity. The example calculations in Section VI are for a very simple form of inhomogeneity, a random strength ap-plied field. For a number of more complicated types of inhomogeneity, Table I lists expectation values of inhomogeneity stiffness fields for a variety of possible inhomogeneous perturbation energy terms.
The method used to calculate these values is outlined here. The normalized magnetization vector in the laboratory frame, , is expressed in the coordinates of the local crystallographic axes using a rotation matrix that depends on Euler angles , , and
For each form of anisotropy, the local anisotropy energy can be expressed simply in terms of and expanded in terms of . The resulting complicated expression is differentiated with respect to and via (15) to obtain stiffness fields. The expectation values are then obtained by integrating products of these stiffness fields over the Euler angles.
